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Abstract
We shall discuss operator inequalities which are obtained by elementary lemma (Lemma
3.1), associated with Hölder–McCarthy and Kantorovich inequalities. Firstly we shall give the
following complementary result to Mic´ic´ et al. [Linear Algebra Appl., 360 (2003) 15].
Let A and B be two strictly positive operators on a Hilbert space H such that M1I  A 
m1I > 0 and M2I  B  m2I > 0, where M1 > m1 > 0, M2 > m2 > 0 and A  B.
(a) If p > 1 and q > 1, then the following inequality holds:
(q − 1)q−1
qq
(M
p
2 − m
p
2 )
q
(M2 − m2)(m2Mp2 − M2m
p
2 )
q−1 A
q  Bp
for mp−12 q 
M
p
2 − m
p
2
M2 − m2  M
p−1
2 q.
(b) If p < 0 and q < 0, then the following inequality holds:
(m1M
p
1 − M1m
p
1 )
(q − 1)(M1 − m1)
(
(q − 1)(Mp1 − m
p
1 )
q(m1M
p
1 − M1m
p
1 )
)q
Bq  Ap
for mp−11 q 
M
p
1 − mp1
M1 − m1  M
p−1
1 q.
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We remark that (a) is shown in [Linear Algebra Appl., 360 (2003) 15] as an extension
of two variable version of our previous one variable one [J. Inequal. Appl. 2 (1998) 137].
Secondly, we shall show the following extension of two parameters type of an extension of
Fujii et al. [Sci. Math. 1 (1998) 307] on the determinant of an operator.
Let T be strictly positive operators on a Hilbert space H such that MI  T  mI > 0.
Then the following inequality holds:
Sh(p, q)x(T q)  (T px, x)  x(T p) for p > 0 and q > 0,
where Sh(p, q) is defined by
Sh(p, q) = mp−q h
q/(hp−1)
e log hq/(hp−1) if q 
hp − 1
log h
 qhp
and the determinant x(T ) for strictly positive operator T at a unit vector x in Hilbert space
H is defined by
x(T ) = exp〈((log T )x, x)〉.
As an application of this result, we shall give an alternative proof of two variable version
of characterization of the chaotic order in [Linear Algebra Appl. ibid., Theorem 4.4].
© 2003 Elsevier Science Inc. All rights reserved.
1. Introduction
An operator means a bounded linear operator on a Hilbert space H . An operator
T is said to be positive (denoted by T  0) if (T x, x)  0 and also T is said to
be strictly positive (denoted by T > 0) if T is positive and invertible. The celebrated
Kantorovich inequality asserts that if T is an operator on H such that M  T  m >
0, then (T −1x, x)(T x, x)  (m + M)2/4mM holds for every unit vector x in H .
Many authors investigated a lot of papers on Kantorovich inequality, among others,
there is a long research series of Mond–Pecaˇric´, some of them are [8,9].
In [7], the following interesting Theorem A is shown as an extension of two vari-
able version of our previous result [3, Theorem 2.1]. In fact our result is an immediate
consequence of Theorem A if we put p = q.
Theorem A. Let A and B be strictly positive operators on a Hilbert space H such
that MI  B  mI > 0, where M > m > 0. If A  B > 0, then
Mp−1
mq−1
Aq  K+(m,M,p, q)Aq  Bp holds for p > 1 and q > 1,
where K+(m,M,p, q) is defined by
K+(m,M,p, q) =


(q − 1)q−1
qq
(Mp − mp)q
(M − m)(m2Mp − Mmp)q−1
if Case 1 holds,
mp−q if Case 2 holds,
Mp−q if Case 3 holds,
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where Cases 1–3 are as follows:
Case 1. mp−1q  M
p − mp
M − m  Mp−1q,
Case 2. mp−1q > M
p − mp
M − m ,
Case 3. Mp−1q < M
p − mp
M − m .
At first we shall discuss operator inequalities Theorem 2.1 and Corollary 2.2
associated with Hölder–McCarthy and Kantorovich inequalities by only using an
elementary Lemma 3.1. As an application of these results, we shall give Theorem
4.1 which easily ensures Theorem A itself essentially and a complementary result of
Theorem A.
Secondly, we shall show an extension of two parameters type of an extension of
[2,11] on the determinant of an operator and also we shall give an alternative proof
of two variable version of characterization of the chaotic order in [7, Theorem 4.4].
2. Operator inequalities associated with Hölder–McCarthy and Kantorovich
inequalities
We state Theorem 2.1 and Corollary 2.2 which are our main results.
Theorem 2.1. Let T be a strictly positive operator on a Hilbert space H such that
MI  T  mI > 0, where M > m > 0. Also let f (t) be a real valued continuous
convex function on [m,M]:
(a) If q > 1, then the following inequality holds for every unit vector x:
K+(m,M, f, q)(T x, x)q  (f (T )x, x)  f (T x, x), (2.1)
where K+(m,M, f, q) is defined by
K+(m,M, f, q) =


B1 = (q − 1)
q−1
qq
(f (M) − f (m))q
(M − m)(mf (M) − Mf (m))q−1 if Case 1 holds,
B2 = f (m)mq if Case 2 holds,
B3 = f (M)Mq if Case 3 holds,
where Cases 1–3 are as follows:
Case 1. f (M) > f (m), f (M)
M
>
f (m)
m and
f (m)
m q 
f (M) − f (m)
M − m 
f (M)
M
q,
Case 2. f (M) > f (m), f (M)
M
>
f (m)
m and
f (m)
m q >
f (M) − f (m)
M − m ,
Case 3. f (M) > f (m), f (M)
M
>
f (m)
m and
f (M)
M
q <
f (M) − f (m)
M − m ;
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(b) If q < 0, then the following inequality holds for every unit vector x:
K−(m,M, f, q)(T x, x)q  (f (T )x, x)  f (T x, x), (2.2)
where K−(m,M, f, q) is defined by
K−(m,M, f, q)
=


B ′1 = (mf (M) − Mf (m))(q − 1)(M − m)
(
(q − 1)(f (M) − f (m))
q(mf (M) − Mf (m))
)q
if Case 1′ holds,
B ′2 = f (m)mq if Case 2
′ holds,
B ′3 = f (M)Mq if Case 3
′ holds,
where Cases 1′–3′ are as follows:
Case 1′. f (M) < f (m), f (M)
M
<
f (m)
m and
f (m)
m q 
f (M) − f (m)
M − m 
f (M)
M
q,
Case 2′. f (M) < f (m), f (M)
M
<
f (m)
m and
f (m)
m q >
f (M) − f (m)
M − m ,
Case 3′. f (M) < f (m), f (M)
M
<
f (m)
m and
f (M)
M
q <
f (M) − f (m)
M − m .
Theorem 2.1 easily implies the following result.
Corollary 2.2. Let T be a strictly positive operator on a Hilbert space H such that
MI  T  mI > 0, where M > m > 0. Then
(a) if p > 1 and q > 1, then the following inequality holds for every unit vector x
K+(m,M,p, q)(T x, x)q  (T px, x)  (T x, x)p, (2.3)
where K+(m,M,p, q) is defined by
K+(m,M,p, q) =


K
(1)
+ (m,M,p, q) if mp−1q  M
p − mp
M − m  Mp−1q,
mp−q if mp−1q > Mp − mp
M − m ,
Mp−q if Mp−1q < Mp − mp
M − m ,
where K(1)+ (m,M,p, q) is defined by
K
(1)
+ (m,M,p, q) =
(q − 1)q−1
qq
(Mp − mp)q
(M − m)(mMp − Mmp)q−1 ;
(b) if p < 0 and q < 0, then the following inequality holds for every unit vector x
K−(m,M,p, q)(T x, x)q  (T px, x)  (T x, x)p, (2.4)
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where K−(m,M,p, q) is defined by
K−(m,M,p, q) =


K
(1)
− (m,M,p, q) if mp−1q  M
p − mp
M − m  Mp−1q,
mp−q if mp−1q > Mp − mp
M − m ,
Mp−q if Mp−1q < Mp − mp
M − m ,
where K(1)− (m,M,p, q) is defined by
K
(1)
− (m,M,p, q) =
(mMp − Mmp)
(q − 1)(M − m)
(
(q − 1)(Mp − mp)
q(mMp − Mmp)
)q
.
Moreover the relation between K(1)+ (m,M,p, q) for p > 1 and q > 1 in (a) and
K
(1)
− (m,M,p, q) for p < 0 and q < 0 in (b) is as follows:
K
(1)
− (m,M,−p,−q) = (mM)q−pK(1)+ (m,M,p + 1, q + 1)
for any p > 0 and q > 0. (2.5)
Some applications of Corollary 2.2 will be stated in Sections 4 and 5.
3. Proofs of the results in Section 2
We state the following fundamental and central result in this paper before giving
proofs of the results in Section 2.
Lemma 3.1. Let h(t) be defined by (∗) on (0,∞) for any real number q such that
q = 0, 1 and any real numbers K and k, and M > m > 0:
h(t) = 1
tq
(
k + K − k
M − m(t − m)
)
. (∗)
(a) if q > 1, then h(t) has the following upper bound BD+(m,M, k,K, q) on
[m,M]:
BD+(m,M, k,K, q)
=


B1 = (q − 1)
q−1
qq
(K − k)q
(M − m)(mK − Mk)q−1 if Case 1 holds,
B2 = kmq if Case 2 holds,
B3 = KMq if Case 3 holds,
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where Cases 1–3 are as follows:
Case 1. K > k, K
M
> km and
k
mq 
K − k
M − m  KMq,
Case 2. K > k, K
M
> km and
k
mq >
K − k
M − m,
Case 3. K > k, K
M
> km and
K
M
q < K − k
M − m ;
(b) if q < 0, then h(t) has the following upper bound BD−(m,M, k,K, q) on
[m,M]:
BD−(m,M, k,K, q)
=


B ′1 = (mK − Mk)(q − 1)(M − m)
(
(q − 1)(K − k)
q(mK − Mk)
)q
if Case 1′ holds,
B ′2 = kmq if Case 2
′ holds,
B ′3 = KMq if Case 3
′ holds,
where Cases 1′–3′ are as follows:
Case 1′. K < k, K
M
< km and
k
mq 
K − k
M − m  KMq,
Case 2′. K < k, K
M
< km and
k
mq >
K − k
M − m,
Case 3′. K < k, K
M
< km and
K
M
q < K − k
M − m.
Proof. By an easy differential calculus, h′(t1) = 0 when
t1 = q
(q − 1)
(mK − Mk)
(K − k) and h
′′(t1) = −q(mK − Mk)
(M − m)tq+21
,
and in Case 1 we have m  t1  M and h(t) has the upper bound B1 = h(t1) on
[m,M], and also in Case 1′ we have m  t1  M and h(t) has the upper bound
B ′1 = h(t1) on [m,M]. By geometric consideration of h(t), in Case 2 we have 0 <
t1 < m and h(t) has the upper bound B2 = h(m) on [m,M] and also in Case 2′ we
have 0 < t1 < m and h(t) has the upper bound B ′2 = h(m) on [m,M], moreover in
Case 3 we have t1 > M and h(t) has the upper bound B3 = h(M) on [m,M] and
also in Case 3′ we have t1 > M and h(t) has the upper bound B ′3 = h(M) on [m,M].
Whence the proof is complete. 
In our previous paper [3], B1 in Case 1 of (a) and B ′1 in Case 1′ of (b) of Theorem
2.1 are shown.
Proof of Theorem 2.1. As f (t) is a real valued continuous convex function on
[m,M], we have
f (t)  f (m) + f (M) − f (m)
M − m (t − m) for any t ∈ [m,M]. (3.1)
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By applying the standard operational calculus of positive operator T to (3.1) since
M  (T x, x)  m, we obtain for every unit vector x
(f (T )x, x)  f (m) + f (M) − f (m)
M − m ((T x, x) − m). (3.2)
Multiplying (T x, x)−q on both sides of (3.2), we have
(T x, x)−q(f (T )x, x)  h(t), (3.3)
where h(t) = (T x, x)−q(f (m) + f (M)−f (m)
M−m ((T x, x) − m)
)
.
Then we obtain
(f (T )x, x) 
[
max
mtM
h(t)
]
(T x, x)q . (3.4)
Putting K = f (M) and k = f (m) in Theorem 2.1, then (a) and (b) in Theorem
2.1 just correspond to (a) and (b) in Lemma 3.1. As f (t) is convex function, the latter
inequalities in (2.1) and (2.2) follows by [1, p. 281]. Whence the proof is complete
by Lemma 3.1. 
Proof of Corollary 2.2. Put f (t) = tp for p /∈ [0, 1] in Theorem 2.1. As f (t) is a
real valued continuous convex function on [m,M], Mp > mp and Mp−1 > mp−1
hold for any p > 1, that is, f (M) > f (m) and f (M)
M
>
f (m)
m
for any p > 1 and
also Mp < mp and Mp−1 < mp−1 hold for any p < 0, that is, f (M) < f (m) and
f (M)
M
<
f (m)
m
for any p < 0 respectively. Next we show a proof of (2.5) as follows.
For any p > 0 and q > 0, we have
K
(1)
− (m,M,−p,−q) =
(mM−p − Mm−p)
(−q − 1)(M − m)
(
(−q − 1)(M−p − m−p)
−q(mM−p − Mm−p)
)−q
= (mM)q−p q
q
(q + 1)q+1
(Mp+1 − mp+1)q+1
(M − m)(mMp+1 − Mmp+1)q
= (mM)q−pK(1)+ (m,M,p + 1, q + 1).
Whence the proof of Corollary 2.2 is complete by Theorem 2.1. 
4. Application of Corollary 2.2 to Kantorovich type operator inequalities
We state some applications of Corollary 2.2, one of them is Theorem 4.1 which
is an extension of Theorem A and another is Corollary 4.2 which is an extension of
Kantorovich type inequality.
Theorem 4.1. Let A and B be two strictly positive operators on a Hilbert space
H such that M1I > A > m1I > 0 and M2I > B > m2I > 0, where M1 > m1 > 0
and M2 > m2 > 0 and also A  B:
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(a) if p > 1 and q > 1, then the following inequality holds:
K+(m2,M2, p, q)Aq  Bp,
where K+(m2,M2, p, q) is defined by
K+(m2,M2, p, q) =


K
(1)
+ (m2,M2, p, q) if mp−12 q 
M
p
2 − mp2
M2 − m2  M
p−1
2 q,
m
p−q
2 if m
p−1
2 q >
M
p
2 − mp2
M2 − m2 ,
M
p−q
2 if M
p−1
2 q <
M
p
2 − m
p
2
M2 − m2 ,
where K(1)+ (m2,M2, p, q) is defined by
K
(1)
+ (m2,M2, p, q) =
(q − 1)q−1
qq
(M
p
2 − mp2 )q
(M2 − m2)(m2Mp2 − M2mp2 )q−1
;
(b) if p < 0 and q < 0, then the following inequality holds:
K−(m1,M1, p, q)Bq  Ap,
where K−(m1,M1, p, q) is defined by
K−(m1,M1, p, q) =


K
(1)
− (m1,M1, p, q) if mp−11 q 
M
p
1 − mp1
M1 − m1  M
p−1
1 q,
m
p−q
1 if m
p−1
1 q >
M
p
1 − m
p
1
M1 − m1 ,
M
p−q
1 if M
p−1
1 q <
M
p
1 − m
p
1
M1 − m1 ,
where K(1)− (m1,M1, p, q) is defined by
K
(1)
− (m1,M1, p, q) =
(m1M
p
1 − M1mp1 )
(q − 1)(M1 − m1)
(
(q − 1)(Mp1 − mp1 )
q(m1M
p
1 − M1mp1 )
)q
.
Proof
(a) For every unit vector x, we have
(Bpx, x)  K+(m2,M2, p, q)(Bx, x)q by (a) of Corollary 2.2
 K+(m2,M2, p, q)(Ax, x)q since A  B > 0 and q > 1
 K+(m2,M2, p, q)(Aqx, x) by Hölder–McCarthy inequality
for q > 1.
(b) For every unit vector x, we have
(Apx, x)  K−(m1,M1, p, q)(Ax, x)q by (b) of Corollary 2.2
 K−(m1,M1, p, q)(Bx, x)q since A  B > 0 and q < 0
 K−(m1,M1, p, q)(Bqx, x) by Hölder–McCarthy inequality
for q < 0.
Whence the proof is complete. 
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Remark 4.1. We state the following result.
Lemma B [7]. Let p > 1, q > 1 and h > 1. If q  hp−1
h−1  qhp−1, then
hp−1  (q − 1)
q−1
qq
(hp − 1)q
(h − 1)(hp − h)q−1  1.
Although the proof in [7] is short, it is somewhat hard to understand, so we show
a simple one for the sake of convenience.
Proof. We recall that q  hp−1
h−1  qhp−1 implies
hp−1
h−1  q 
hp−1
hp−hp−1  1.
Put f (q) = (q−1)q−1
qq
(hp−1)q
(h−1)(hp−h)q−1 . Then
f ′(q) = f (q) log (q − 1)(h
p − 1)
q(hp − h) < 0 for 1 < q <
hp − 1
h − 1
and f (q) is decreasing for 1 < q < hp−1
h−1 , so we have
f
(
hp − 1
hp − hp−1
)
 f (q)  f
(
hp − 1
h − 1
)
since
hp − 1
h − 1  q 
hp − 1
hp − hp−1  1,
that is,
hp−1  hp−1h(−(hp−1−1))/(hp−hp−1)  f (q)  1
because f
(
hp−1
hp−hp−1
) = hp−1h(−(hp−1−1))/(hp−hp−1) and f (hp−1
h−1
) = 1. We remark
that Mp−1
mq−1  K+(m,M,p, q) stated in Theorem A is shown in [7] by using
Lemma B. 
Corollary 4.2 [3]. Let T be a strictly positive operator on a Hilbert space H such
that MI  T  mI > 0, where M > m > 0. Then the following inequality holds
for every unit vector x:
(i) In case p > 1: K+(m,M,p)(T x, x)p  (T px, x)  (T x, x)p
where
K+(m,M,p) = (p − 1)
p−1
pp
(Mp − mp)p
(M − m)(mMp − Mmp)p−1 .
(ii) In case p < 0: K−(m,M,p)(T x, x)p  (T px, x)  (T x, x)p
where
K−(m,M,p) = (mM
p − Mmp)
(p − 1)(M − m)
(
(p − 1)(Mp − mp)
p(mMp − Mmp)
)p
.
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Moreover the relation between K+(m,M,p) for p > 1 in (i) and K−(m,M,p)
for p < 0 in (ii) is as follows:
K−(m,M,−p) = K+(m,M,p + 1) for any p > 0. (4.1)
Proof. Put p = q in Corollary 2.2. As f (t) = tp is convex function for p /∈ [0, 1],
we have
mp−1p  M
p − mp
M − m  M
p−1p for any p /∈ [0, 1]
so that the result in case (i) p > 1 follows by (2.3) and also the result in case (ii) p < 0
follows by (2.4). Moreover (4.1) follows by putting q = p in (2.5) of Corollary 2.2.
Whence the proof is complete. 
We remark that ones of the right hand sides of (i) and (ii) are well known as
Hölder–McCarthy inequality [6].
5. Application of Corollary 2.2 to characterization of chaotic order and deter-
minant of operator
We state another application of Corollary 2.2 to characterization of chaotic order
and determinant of operator.
Definition 5.1 [2]. The determinant x(T ) for strictly positive operator T at a unit
vector x in Hilbert space H is defined by
x(T ) = exp〈((log T )x, x)〉.
Theorem B [2,11]. Let T be strictly positive operators on a Hilbert space H such
that MI > T > mI > 0 and h = M/m > 1. Then the following inequality holds for
every unit vector x
Sh(p)x(T
p)  (T px, x)  x(T p) for p > 0, (5.1)
where Sh(p) is defined by
Sh(p) = h
p/(hp−1)
e log hp/(hp−1)
.
S(1) = h1/(h−1)/e log h1/(h−1) is well known as Specht ratio. We shall show the
following result which is two variable version on p and q as an extension of Theorem
B on p.
Theorem 5.1. Let T be strictly positive operators on a Hilbert space H such that
MI > T > mI > 0 and h = M/m > 1. Then the following inequality holds for
every unit vector x
Sh(p, q)x(T
q)  (T px, x)  x(T p) for p > 0 and q > 0, (5.2)
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where Sh(p, q) is defined by
Sh(p, q) =


mp−q h
q/(hp−1)
e log hq/(h
p−1) if q  h
p − 1
log h  qh
p,
mp−q if hp − 1log h  q,
Mp−q if qhp  hp − 1log h .
(5.3)
Theorem 5.1 implies the following characterization [7, Theorem 4.4] of chaotic
order which is an extension of [12, Theorem 5].
Theorem C. Let A and B be strictly positive operators on a Hilbert space H such
that MI > B > mI > 0. Then log A  log B is equivalent to
Sh(p, q)A
q  Bp for p > 0 and q > 0,
where h = M/m > 1 and Sh(p, q) is defined in Theorem 5.1.
We state the following result to give a proof of Theorem 5.1.
Proposition 5.2. Let K(1)+ (m,M,p, q) be the same as in Corollary 2.2. Let h =
M/m > 1 and hn = 1+((log M)/n)1+((log m)/n) . Then
(i) lim
n→∞
(
h
np
n − 1
h
np
n − hn
)n
= h1/(hp−1),
(ii) lim
n→∞K
(1)
+
(
1 + log m
n
, 1 + log M
n
, np, np
)
= h
p/(hp−1)
e log hp/(hp−1)
,
(iii) lim
n→∞K
(1)
+
(
1 + log m
n
, 1 + log M
n
, np, nq
)
= mp−q h
q/(hp−1)
e log hq/(hp−1)
.
Proof. We remark the following obvious formula used in [4] based on [10]:
lim
n→∞
(
I + 1
n
log X
)n
= X for any X > 0. (∗∗)
(i) and (ii) are shown in [4, Proposition 2] and [5, Proposition 2]. We have
only to show a proof of (iii). Put m1 = 1 + (log m)/n and M1 = 1 + (log M)/n.
Then M1  m1 > 0 for sufficiently large natural number n. We recall that hn −→ 1,
mn1 −→ m, Mn1 −→ M and hnn −→ M/m = h as n −→ ∞ by (∗∗). By the defini-
tion of K(1)+ (m,M,p, q), we have
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lim
n→∞K
(1)
+ (m1,M1, np, nq)
= lim
n→∞m
np−nq
1
(nq − 1)nq−1
(nq)nq
(hn − 1)nq
(hn − 1)(hnpn − hn)nq−1
= lim
n→∞m
n(p−q)
1
(np − 1)np−1
(np)np
(h
np
n − 1)np
(hn − 1)(hnpn − hn)np−1
×
(
h
np
n − 1
h
np
n − hn
)n(q−p)
(np)np
(np − 1)np−1
(nq − 1)nq−1
(nq)nq
= mp−q h
p/(hp−1)
e log hp/(hp−1)
h(q−p)/(hp−1) p
q
by (ii) and (i) of Proposition 5.2
= mp−q h
q/(hp−1)
e log hq/(hp−1)
.
Proof of Theorem 5.1. Put M1 = I + (log M)/n, T1 = I + (log T )/n, and m1 =
I + (log m)/n. Then M1  T1  m1 > 0 holds for sufficiently large natural number
n by the hypothesis MI  T  mI > 0. We recall the following (5.4) and (5.5) by
(∗∗): ((
I + log T
n
)
x, x
)nq
=
(
1 + ((log T )x, x)
n
)nq
−→ e((log T )x,x)q
= x(T q) as n → ∞, (5.4)
((
I + log T
n
)np
x, x
)
−→ (T px, x) as n → ∞. (5.5)
By (2.3) of Corollary 2.2, for every unit vector x
K+(m1,M1, np, nq)
((
I + log T
n
)
x, x
)nq

((
I + log T
n
)np
x, x
)

((
I + log T
n
)
x, x
)np
(5.6)
for p > 0 such that np > 1 for sufficiently large natural number n. Let hn = M1/m1
defined in Proposition 5.2.
(i) Suppose q  hp−1log h  qhp for p > 0 and q > 0 in (5.3). Then qn  h
np
n −1
hn−1 
qh
np−1
n n for sufficiently large natural number n, that is, qmnp−11 n 
M
np
1 −mnp1
M1−m1 
qM
np−1
1 n for sufficiently large natural number n, so by (2.3) of Corollary 2.2, we
have K+(m1,M1, np, nq) = K(1)+ (m1,M1, np, nq) in this case, and tending n →
∞ in (5.6), then we obtain the desired inequality:
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mp−q h
q/(hp−1)
e log hq/(hp−1)
x(T
q)  (T px, x)  x(T p) for p > 0 and q > 0
by (iii) of Proposition 5.2, (5.4) and (5.5).
(ii) Suppose hp−1log h  q for p > 0 and q > 0 in (5.3). By the same way as (i),
qn  h
np
n −1
hn−1 for sufficiently large natural number n, that is, qm
np−1
1 n 
M
np
1 −mmp1
M1−m1 ,
so by (2.3) of Corollary 2.2, we have K+(m1,M1, np, nq) = mnp−nq1 in this case,
so tending n → ∞ in (5.6), then
mp−qx(T q)  (T px, x)  x(T p) for p > 0 and q > 0
by (5.4) and (5.5) since mnp−nq1 → mp−q by (∗∗) as n → ∞.
(iii) Suppose qhp  hp−1log h for p > 0 and q > 0 in (5.3). By the same way as
(i) and (ii), then qhnp−1n n  h
np
n −1
hn−1 for sufficiently large natural number n, that is,
qM
np−1
1 n 
M
np
1 −mmp1
M1−m1 , by (2.3) of Corollary 2, we have K+(m1,M1, np, nq) =
M
np−nq
1 in this case, so tending n → ∞ in (5.6), then
Mp−qx(T q)  (T px, x)  x(T p) for p > 0 and q > 0
by (5.4) and (5.5) since Mnp−nq1 → Mp−q as n → ∞ by (∗∗).
Whence the proof of Theorem 5.1 is complete by (i)–(iii). 
Proof of Theorem C. Suppose log A  log B. Then we have
Sh(p, q)(A
qx, x) Sh(p, q)x(Aq) by the latter half inequality of (5.1)
 Sh(p, q)x(Bq) since x(Aq)  x(Bq)
by log A  log B
 (Bpx, x) by the former half inequality of (5.2).
Conversely assume Sh(p, p)Ap  Bp for p > 0. Then we have log A  log B as
the same way as in [12, Theorem 5].
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